The paper presents a novel method of performance analysis of a call center with balking and abandonment, i.e. in which the customer may not stay in the queue once realizing he is put on hold, or abandon the waiting queue if the waiting time is too long. In the paper we compare both an inherently transient and a stationary CTMC models of such an inbound call center, using realistic data. The inherently transient method we introduce delivers important characteristics of the model, with the quality close to Monte Carlo simulations, by using modified uniformization method.
Introduction
The provision of service delivery in a remote manner developed historically parallel to the development of the telecommunications technology. For companies, such as financial institutions, airlines, hotels, telecommunication companies and many others, remote contact via telephone or the internet has become already in the last two decades of the 20th century the primary communication channel for their customers, offering a broad range of No. 1/2015 Performance analysis of an inbound call center with time varying arrivals Managing Call Center operations -the quantitative view
The common approach to call center resources management is to build an agent schedule that minimizes costs while achieving some predefined quality measurements (e.g. service level). As such, staffing levels for each period of the scheduling horizon are used to perform the scheduling and rostering of agents. These levels (number of necessary agents) depend both on how many calls are arriving into the call center a given time (estimated by the call volume forecasts) and on the quantitative quality targets (service level). Once the forecasts and waiting time goals have been established, queuing models are used to determine the targeted number of service resources to be deployed. The simplest queuing model for a call center is the M/M/n model, which assumes e.g. both unlimited queue space and customer patience. Its steady-steady state distribution can be determined analytically using the Erlang-C formula. Another well-known model augments the M/M/n model with abandonment (with exponential waiting time) -with the Erlang-A formula (as proposed e.g. in Brown, et al. (2005) ) to calculate the corresponding steady-state distribution. For more complicated models including e.g. blocking and balking, the steady state distribution can be obtained numerically as proposed by Deslauriers et al. (2007) or more recently by Phung-Duc and Kawanishi (2014) .
However, as real call centers are time inhomogenous, with varying arrival rates and changing number of servers -scheduled to meet the forecasted demand and provide break time, stationary models cannot be applied directly. It is, therefore, common to use approximations, assuming the system being pointwise stationary. Examples of such well established methods can be found e.g. in Green, Kolesar and Whitt (2007) , Aksin, Armony and Merhotra (2007) or in Brown et al. (2005) .
Unfortunately, stationary approximations are in many cases not adequate. For example, Deslauriers et al. (2007) compared them with simulations based on real inbound call center data, with the conclusion that due to the nonstationarity only some of the performance measures can be estimated with satisfactory accuracy. compared them with an inherently transient model and found their results significantly inaccurate or even entirely unreliable. Nevertheless, they are still the methods most commonly used, which is usually justified by simple implementation and low computational costs.
Many authors proposed to use simulation, which can achieve any desired accuracy. However, in order to achieve acceptable precision, very long computational times are needed, which makes it often impracticable for common applications, such as schedule planning.
An alternative approach, which is very effective in terms of the accuracy of the model, is to analyze transient CTMC using numerical methods, solving effectively their corresponding system of ordinary differential equations (ODE's), as proposed in Ingolfsson et al. (2010) , Bylina et al. (2009) or by the author in Burak (2014 Burak ( , 2015 , which will also be used in our numerical examples.
Other, less computationally intensive, analytical methods that can approximate such nonstationary systems more accurately than stationary models are closure approximations, as well as fluid and diffusion approximations, discussed e.g. in Brown et al. (2005) , Green, Kolesar and Whitt (2007) , Czachórski et al. (2009) and Czachórski et al. (2014) or, for the direct comparison of some examples of such methods with the numerical methods and stationary approximations, in Ingolfsson et al. (2007) .
The CTMC Model of a call center
The model used for the demonstration of the proposed method comes from Deslauriers et al. (2007) . The authors analyzed there five CTMC models with varying degree of complexity applied for both pure inbound and blended (inbound and outbound) operations of a call center. All models were solved numerically to obtain their steady state distributions, which were then consequently used as pointwise stationary approximations. Afterwards, the results were compared to a Monte Carlo simulation based on the real call center data. Particularly interesting in this context is the model M 1 applied to an inbound call center, where the authors detected significant amount of error in comparison to the real call center data due to the stationary approximation of an inherently non-stationary model.
The data used for comparison is the same one as used by Deslauriers et al. (2007) and can be found in the Table 1 . Burak (2015) ) is defined as follows: the call center consists of s identical agents with a single FIFO waiting queue. Inbound calls arrive according to an inhomogenous Poisson process with rate λ(t), the service time is i.i.d. exponentially distributed with rate μ(t). The load ρ(t) = λ(t)/s(t) μ(t) can be bigger than 1.
Service requests that are not served immediately can leave the system (hang up or balk) with probability 1 -γ set for all modeled periods to 0.995 as in all models by Deslauriers et al. (2007) , otherwise, after joining the queue, they abandon after reaching their patience time. The patience times are independent and identically exponentially distributed with mean 1/η. Queued requests are FCFS served. All of this is modeled via the state transition rates of a CTMC which is described by infinitesimal generator matrix Q(t) and the initial state probability vector p(0). The transient distribution at time t -p(t), for such a given time dependent generator matrix Q(t), can be calculated using modified Kolmogorov's forward equations:
where the vector p(t) = [p 0 (t), ..., p n (t)] gives probabilities of the system being in any of the states at time t.
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Because the process representing the system state k, equal to the number of busy servers plus number of requests waiting in the queue, is a birth-and-death process, it can be described by the following state dependent birth q k;k+1 (t) = λ k (t) and death q k;k-1 (t) = μ k (t) rates:
The calculation of the state probability vectors p(t): t = i × 30 min representing the state of the system according to the input parameters in function of time has been calculated using the modified uniformization algorithm with steady-state detection as described in Burak (2014 Burak ( , 2015 . As a result, the expected state of the system calculated from the state probability vector p(t) as:
has been used to calculate the expected utilization of agents time and compared with the same result derived from the stationary distribution probability vector for period i as proposed in Deslauriers et al. (2007) and is presented in Table 2 . The service level has been calculated for immediate service (no waiting) i.e. the percentage of requests that are served immediately. As we can see, the comparison between the pointwise stationary and the transient model shows greater discrepancies in cases of higher system variability (i.e. periods 1-4) where particularly the Maciej Rafał Burak difference in the calculated service level can diverge up to 5 percent points, which is already significant. This effect would, probably, be more visible if the traffic data was not averaged by whole model periods (30 min), justified by the pointwise steady-state assumption in Deslauriers et al. (2007) and considered there only as a rough-cut approximation, but, instead, something corresponding better with reality, e.g. by 5 min periods, as proposed in Burak (2014 Burak ( , 2015 , as in actuality the arrival rate is not piecewise constant over fixed-length periods and the system is never in steady-state.
Conclusions and directions for future work
We have studied a realistic CTMC model of a call center both in a pointwise stationary and a transient way. The outcome shows that calculating the state probabilities in an inherently transient way provides results much closer to reality than the numerically calculated stationary approximation, which is already much more accurate than the commonly used Erlang-C and Erlang-A formulas. Although it is more computationally intensive than stationary models, it delivers results comparable with the simulations. The proposed solution could be refined further, using more accurate traffic data (i.e. aggregated by much shorter periods in order to preserve its nonstationary characteristics). It would be, in this context, particularly interesting, to compare the results with broader set of real call center data examples, which is currently the subject of our investigation.
